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ABSTRACT: A one-dimensional three-state Ising model [involving a-helical (a) ,  extended ( e ) ,  and coil (or other) 
(c) states] for specific-sequence copolymers of amino acids has been formulated in order to treat the conformational 
states of proteins. This model involves four parameters (Wh,z, Uh,,, u~,,, and uC,&),  and requires a 4 X 4 matrix for gen- 
erating statistical weights. Some problems in applying this model to a specific-sequence copolymer of amino acids 
are discussed. A nearest-neighbor approximation for treating this three-state model is also formulated; it requires a 
3 X 3 matrix, in which the same four parameters appear, but (as with the 4 X 4 matrix treatment) only three pa- 
rameters ( w h * ,  Uh*, and u,*)  are required if relative statistical weights are used. The relationship between the 
present three-state model (3  X 3 matrix treatment) and models of the helix-coil transition is discussed. Then, the 
three-state model (3  X 3 matrix treatment) is incorporated into an earlier (Tanaka-Scheraga) model of the helix- 
coil transition, in which asymmetric nucleation of helical sequences is taken into account. A method for calculating 
molecular averages and conformational-sequence probabilities, P(il nl ( p ) ) ,  Le., the probability of finding a sequence 
of n residues in a specific conformational state ( p ) ,  starting a t  the i th  position of the chain, is described. Two alter- 
native methods for calculating P(ilnl(p)),  that  can be applied to a model involving any number of states, are pro- 
posed and presented; one is the direct matrix-multiplication method, and the other uses a first-order a priori proba- 
bility and a conditional probability. In this paper, these calculations are performed with the nearest-neighbor 
model, and without the feature of asymmetric nucleation. Finally, it is indicated how the three-state model and the 
methods for computing P(il nl ( p ) )  can be applied to predict protein conformation. 

In order to develop a prediction scheme to obtain an ini- 
tial conformation of a protein, which can be refined by sub- 
sequent energy minimization: we have formulated a statis- 
tical mechanical treatment of protein conformation. In 
paper I4 of this series, we deduced the statistical weights 
for various conformatiom of the naturally occurring amino 
acids from x-ray data on proteins. In the present paper, we 
formulate a three-state model [involving a-helical (a ) ,  ex- 
tended ( e ) ,  and coil (bther) (c) states], and incorporate it 
into our earlier model5 of the helix-coil transition in which 
asymmetric nucleation is taken into account; also, we show 
how to compute the probabilities of occurrence of helical 
and extended conformations, respectively. In paper 111,6 we 
compute these probabilities for specific proteins, using the 

theory of the present paper and the statistical weights of 
paper I.4 

The one-dimensional Ising model is used in this treat- 
ment. I t  is applicable as a first approximation4 because 
short-range interactions dominate7 (although not exclu- 
sively) in determining the native conformations of proteins. 
In fact, the Zimm-Bragg theorf of the helix-coil transition 
has already been applied to the prediction of a-helical re- 
gionsgJO in native proteins. The formation of the a helix is 
treated in this paper as a cooperative process, because of 
the formation of hydrogen bonds, but long-range effects in 
the formation of the extended structure are neglected.” 

The three-state model is presented in section I, and its 
application to specific-sequence copolymers of amino acids 
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Figure 1. A portion of a polypeptide chain, showing the hydrogen bond that would exist between 0 ; - 2  and H;+2 when residues12 i - 1, i, 
and i + 1 are in the a-helical conformation. 

is discussed in section 11. A nearest-neighbor approxima- 
tion to the thre-state model is presented in section 111, and 
the relation between the two-state and three-state models 
is discussed in section IV. In section V, the present three- 
state model is incorporated into a model5 of the helix-coil 
transition, in which asymmetric nucleation of helical se- 
quences is taken into account. The methods for computing 
molecular averages and conformational-sequence probabil- 
ities are given in section VI, and a concluding discussion is 
presented in section VII. 

In paper I,4 we deduced the statistical weights for the 
various amino acids from x-ray data, using an eight-state 
and a six-state model for the a-helical and extended con- 
formations, respectively. We also discussed4 the asymmet- 
ric properties of the various amino acids for nucleation of 
helical sequences. While all of these features can be used in 
a statistical mechanical treatment of conformational 
changes in proteins, they would require excessively large 
matrices (and large amounts of computer time) to evaluate 
the partition function and compute molecular averages. 
Therefore, for the present, we confine ourselves to a three- 
state model, in which the three-state statistical weights 
were deduced4 from those computed4 for the eight-state 
and six-state models, respectively, by the procedure of sec- 
tion IIA of paper I;4 also, while we incorporate the feature 
of asymmetric nucleation of helical sequences in section V, 
and such a theory can be used (though requiring excessive 
computation), we compute the conformational-sequence 
probabilities in section VI (and use them for the prediction 
of protein conformation in paper 1116) from the nearest- 
neighbor approximation to the three-state model, without 
the feature of asymmetric nucleation, again to save com- 
puter time. 

I. Three-State Model 
Consider a polyamino acid chain of N residues, a portion 

of which is depicted in Figure 1.12 In this section, we will 
discuss a homopolymer of amino acids and, in section 11, 
the present formulation will be applied to a model for a 
specific-sequence copolymer of amino acids. Because of the 
partial double bond character of the peptide bonds, C’-N, 
the amide groups are assumed to be fixed in the planar 
trans conformation (w  = 18Oo).l3 Hence, the conformation 
of the backbone of the polyamino acid chain may be de- 
scribed by a set of dihedral angles for rotation, @, and $ I  
around the N, -Cia and Cla-CI’ bonds,13 respectively, 
where i = 1 to N .  As seen in Figure 1, a hydrogen bond can 
be formed between the oxygen atom of the CO group of the 
(i - 21th residueI2 and the hydrogen atom of the NH group 
of the (i + 2)th residue when residues i - 1, i,  and i + 1 are 
in the a-helical conformation. The conformational energy 
of the chain, E(N) ,  can be expressed as a function of a set of 
variable dihedral angles of the backbone, 41, $1, $2, $2, . . . , 
C $ N ,  $ N ~  and of the side chains, { X ~ J J J ,  where i is the residue 
number (i = 1 to N )  and j ,  is the j t h  side-chain dihedral 
angle of the i th amilio acid. 

To calculate the energy E ( N )  of,the chain, we assume 

that its conformations are determined by the energy of 
intra-residue interactions, Ei(’)[@i, $i, {xi’;}], and by the en- 
ergy of interactions between the residues involved in for- 
mation of the a-helical c ~ n f o r m a t i o n . ~ , ~ J ~ J ~  For the ex- 
tended ( e )  and other (c) states, we require” only the inter- 
action energy Ei(l)[@i, $i, {xi;;]]. For the helical conforma- 
tion (except for isolated h and hh states), we require 
Ei(’)[&, $i, {xi’i]] and the energy of formation of the helical 
conformation. The latter (inter-residue) interaction energy 
is expressed as Ei(3)(@i-1, q i - 1 ,  &, $i: &+I, $ i + 1 ) 7  and in- 
cludes the energy of formation of the hydrogen bond be- 
tween Oi-2 and Hi+2 and the nonbonded and electrostatic 
interactions between all backbone atoms (including the C@ 
atoms), which depend on these six dihedral angles (but not 
on {xiji]).16 is assumed to be zero if the conformations 
of all three residues, i - 1, i, and i + 1, are not in the small 
range characteristic of the a-helix conformation.14 The 
conformational energy of the chain is given by 

E(”[C$l, $1, {XI”!, . * .  I @N,  $N,  {XN’”)] = 
N 
E Ei(’)[di, $i, {xi”II + 
i = l  

In the second term on the right-hand side of eq 1, the rea- 
son that the sum of Ei(3) is taken from 2 to N - l (not in- 
cluding 1 and N )  is that, while the first and last residues of 
the chain can be in helical states, they do not contribute a 
hydrogen-bonding interaction. The conformational parti- 
tion function, 2, of the chain may then be computed from 

where E(N) is given by eq 1. 
Following Lifson and Roig,14 the @, J.  conformational 

space is divided into two regions: one is the small a-helical 
region (h region), and the other is the rest of the space, i.e., 
the coil region. In a three-state model (a, t, and c), we di- 
vide the original coil region into the e and c regions, as 
shown in Figure 2. The e region corresponds to the broad 
one of low energy (shaded in Figure 2), found in computed 
conformational energy maps of single  residue^.'^-^^ For the 
present, we do not specify the boundaries of the a, e ,  and c 
regions because they may vary from one type of amino acid 
to another. 

A. a-Helical Region. We perform the integration of eq 2 
over the helical region of residue i, i.e., when &-I, $i-1, 
&+I, and $i+1, as well as ~$i and $i, are in the helical region 
and obtain 

W3Y4i-1, + i - ~  @i, $i, $i+l)I/RT] d@i d$i (dxij’l (3) 
for i = 2 to N - 1 (but, see ref 21). However, when all dihe- 
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Let us write the statistical weights of the conformational 
states vi for residue i (i = 1 to N ) ,  in a general way, as 
mi,.,,L-l,,l,,z+l. The actual values of these statistical weights 
were given in eq 3, 4, 6, and 8 for 1 < i < N, and in eq 5 ,  7 ,  
and 9 for i = 1 and N .  Then, eq 10 may be rewritten as 
z =  . . .  . . .  x 

q l = m , C , C  qz=a,c ,C qN=CZ,C,C 

c - region 

\ a - r e g i o n  

I I 

.~ 
-180” 00 I800 

+ ( N - C a )  

Figure 2. Schematic illustration of the regions of the right-handed 
oc-helical (a or h), extended ( e ) ,  and other (c) states in the q5,$ con- 
formational space of an amino acid residue. 

dral angles di-1, $i-1, &+I, and $ i + l  are not in the helical 
region, but $i, $i is helical, the term Ei(3) vanishes as a first 
approximation, giving 

Uh,i  = J . . . A expI-Ei(l)(+i, +i, { X ~ ~ ~ ) ) / R T I  x 

d6i d$i Idxijll (4) 

for i = 2 to N - 1. At the ends of the chain, i.e., i = 1 or N ,  
the integration over the a-helical region gives 

Uh,r = j’ . . . J’, exp[-Ei(l)(4i, +i, { X ~ ~ ~ J ) / R T I  x 
d6i d$i (dxijil ( 5 )  

B. t Region. Performing the integration over the t region 
(see Figure 2) we then have 

ue,i = J . . . J: eXp[-Ei(’)(&, $ij { ~ i j ~ ) ) / R T l  X 

d+i d$i {xi”] (6) 
for i = 2 to N - 1, and 

ue,j = J . . . J: exp[-Ei(l)(di, $i, ~ x i j i ) ) / ~ ~ ]  x 

for i = 1 or N ,  since the term Ei(3) vanishes when residues 
i - 1, i, and i + 1, are not in the a-helical region. 

C. c Region. Performance of the integration over the c 
region, excluding the a and t regions (see Figure 2), gives 

uc,i = J . . . J expl-Ei(l)(@i, $i, { X ~ ~ ~ J ) / R T I  x 

for i  = 2 to N - 1, and 

uc,i = J . . . 1 exp[-Ei(I)(+i, +i, ( X ~ ~ ~ ) ) / R T I  x 

d6i d$i Idxiji1 ( 7 )  

d6i d$i {dxi”} (8) 

d6i d$i Idxij‘J (9) 

for i = 1 and N. Thus, we have obtained all the statistical 
weights for the a,  t, and c states for the i th residue. 

D. Matrix Treatment of Partition Function. By using 
eq 1 and 2, the partition function of the polyamino acid 
chain can be rewritten as 

where Z1,,1 designates the summation over all possible con- 
formational states (7) of the chain. In order to evaluate 2, 
we will employ the method of matrix multiplication. For 
this purpose, we will construct the matrix operator, Wi, for 
the i th residue (2 I i I N - 1) by correlating the confor- 
mational states of the three residues, i - 1, i, and i + 1. By 
using the statistical weights for the three-state model given 
in eq 3,4,6,  and 8, we then have eq 12, 

i + l  
i - 1  i 

C C 
C ff 
CY C 
C E 
E C 

E E 
E ff 
cy E 
.ff CY 

C Q C E C E f f E f f  
C C C Y C E E E f f f f  

u, u, 0 z1, 0 0 0 0 0 
0 0 v , o o  0 0 V h U h  

u, u, 0 UC 0 0 0 0 0 
0 0 0 O v , v , u , O  0 
u , u c o  u , o  0 0 0 0 
0 0 0 0 Z!, 21, u e  0 0 

0 0 0 o u , u , v , o  0 
0 0 v , o o  0 0 U h W h  

0 0 V h o o  0 0 u h u h  

(12) 
where the subscript i written on the bottom right-hand side 
of the matrix indicates that the statistical weights, i.e., the 
elements of the matrix, pertain to the i th residue; this 
notation serves instead of the symbols Uc,ij  Uh,i, wh,i, and 
u,,i. This 9 X 9 matrix may be contracted as follows: 
w1: = 

(13) 
a C U E  

‘h wh 1 

where the symbol U means that, for example, c u t u a 
should be read as c or t or a. 

For the first residue at the N terminus of the chain, we 
define the row vector t, which consists of the statistical 
weights for the allowed conformational states of the N ter- 
minus given in eq 5 , 7 ,  and 9 (keeping in mind that the first 
residue cannot contribute to the hydrogen-bond energy), as 

t = [uc uc u h  uh] (14) 
For the last residue of the chain (i.e., the C terminus), we 
define the column vector, t*, as 

u, + Z’,  + Uh 

(1 5) t* = ‘c + ” €  + z’h 

The elements of eq 15 correspond to the states c u t u a,  
c U t U a,  and c u c for residue i + 1 when i = N .  

It  is now possible to evaluate the partition function of eq 
11, by using the set of eq 13-15 for Wi, t, and t*,  i.e., 
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Since the parameters appearing in eq 14 and 15 do not dif- 
fer from those in eq 13, the elements of eq 14 can be found 
in the first row of eq 13; similarly, the elements of eq 15 can 
be obtained from those of eq 13. Thus, eq 16 may be writ- 
ten as 

where 

and 
el = [l 0001 

r i i  

LoJ 
because t of eq 14 and t* of eq 15 are given by 

and 
t = elW1 

(18b) 

t* = WNeN* (1%) 
respectively. 

11. Application to  a Specific-Sequence Copolymer of 
Amino Acids 

In order to treat protein molecules, we shall first discuss 
some problems that arise when applying the present three- 
state model to a specific-sequence copolymer of amino 
acids. 

First, in theories of the helix-coil transition in homo- 
polymers, it is always assumed that the cy-helical conforma- 
tion is regular, in the sense that all residues in the helix 
have identical values of 4 and $. We will make the same as- 
sumption about regularity for a specific-sequence copoly- 
mer as is made in treating homopolymers. This assumption 
can be removed in an appropriate procedure when the 
three-dimensional structure of a protein is c o m p ~ t e d . ~ ~ - ~ ~  

Second, we assume that the conformational energy of the 
chain can be divided into two contributions, E,(1) and 
(see eq 1). Since E,(') is a function of only and (X$r), 
which pertain to the i th residue, this term depends only on 
the species of amino acid in the i th  position of the chain. 
However, is a function of the dihedral angles of three 
residues, at positions i - 1, i ,  and i + 1, and has a nonzero 
value only when the dihedral angles of all three residues are 
in the regular a-helical region (see Figure 2). Therefore, the 
statistical weights u,,,, Uh,l, u ~ , ~  of the three-state model, as 
well as Uh,r and uc,, of the two-state model (or u and u of 
the original Lifson-Roig model), for which = 0, de- 
pend only on the chemical species of the amino acid in the 
i th  position of the chain. 

Third, we consider the statistical weight Wh,r, that de- 
pends on In the approximation treated in the text,16 
the stability of the a helix depends only on the interactions 
(nonbonded, electrostatic, hydrogen bonding, and torsion- 
al) between the atoms of the backbone (including the C@ 
atoms), neglecting the contribution from the side chains. 
Thus, since side chain-side chain and side chain-backbone 
interactions (except those involving the i th side chain) are 
neglected, and the helix is assumed to be regular, Wh,r de- 
pends only on the species in the i th position through the 
term El(l)(+l, { x , ] ~ ] ) .  While the term E,(3)  contributes to 
the stability of the helix, is independent of the type of 
amino acid residues in positions i - 1 and i + 1 because of 
the assumption of regularity and the neglect of interactions 
involving the side chains. 

111. Nearest-Neighbor Three-State Model 
Just as a nearest-neighbor Ising model (2 X 2 matrix 

treatment) of the helix-coil transition8s25 is a good approxi- 

mation to the original Lifson-Roig treatment (3 x 3 ma- 
trix), i t  is also convenient, for the actual computations, to 
have a smaller size matrix expression of a nearest-neighbor 
interaction model which can serve as a good approximation 
of eq 13. As a matter of fact, it  was demonstrated earlier1° 
that the nearest-neighbor model (2 X 2 matrix treatment) 
effectively reproduces results similar to those obtained by a 
treatment with larger matrices, although the correspon- 
dence of the statistical weights used in the nearest-neigh- 
bor model to the molecular structure is lost. In order to 
save computational time in applying this theory to pro- 
teins: we describe here a nearest-neighbor interaction 
model which allows us to contract the matrix size and re- 
duce the number of parameters of the three-state model in- 
troduced in section I. 

In the nearest-neighbor Ising model treatment of the 
helix-coil t r a n ~ i t i o n , ~ ~  the fir& residue of a helical se- 
quence is assigned a statistical weight u2/w. With this as- 
signment, eq 13 of the three-state model may be written as 

(20) 
wi = 

vh2/wh 
uc u 6  wh i 

The partition function in the nearest-neighbor interaction 
scheme, corresponding to eq 17, is 

z = el [ fi wi] eN* 
i = l  

where 
el = [I O 0] 

and 

eN* = [ i] (22b) 

Equation 22a indicates that the first residue of the chain 
can be preceded by an 6 or c state but not by an LY state 
with a hydrogen bond, as in the usual treatment of the 
helix-coil transition; the first residue of the chain has to be 
represented by the first row of eq 20 in the form of elW1. 
Equation 22b indicates that the last residue of the chain 
can be preceded by the c, t, or cy states; hence, it is repre- 
sented by the column vector WNeN* which contains the 
sum of the elements of the three row vectors in eq 20. 

Since our main interest is to obtain the relative confor- 
mational properties of a particular conformational state, 
the statistical weights may be expressed relative to that of 
a standard state. Taking the c state as a standard state, we 
define the relative statistical weights, Wh,i*, uh,i*, and u,,i*, 
of the a and e states in terms of 

wh,i* = wh,i/uc,i (23) 
uh,i* = uh,i/uc,i (24) 

ue,i* = ue,i/uc.i (25) 
and 

respectively. Using eq 23-25, we may rewrite26 eq 20 as 
1 u,* (vh*)'/Wh* 

wi = [ 1 u,* (vh*)'/wh* (26) 

The partition function can be calculated by substituting eq 
26 for eq 20 when eq 21 and 22 are used. 

IV. Relationship between the  Three-State and  Two- 
State Models 

As stated in section I, the conformational 4,$ space is di- 
vided into the three regions, a, t, and c. The coil region, de- 

l i  1 v,* w h *  
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i + 1 
i - 1  i 

c CUE 
C U E U a  

c f f  
Q CUE 
C Y Q  
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C U E  C U E U C Y  CY C U E  CY 

(31) 

0 0  

C E 

48 49 47 0 
48 49 47 46 44 

46 q 4  
45 49 43 
0 0 0 4 2 4 1 j  

fined for the helix-coil transition, was divided into the t 

and c regions. The statistical weights uc,i and uc,i have been 
obtained by integrating the Boltzmann factors over the 
conformational regions c and t as seen in eq 6-9. Thus, the 
statistical weight u(*) ,  or uC@), of the two-state model of the 
helix-coil transition corresponds to the sum of the statisti- 
cal weights uc(3)  and u , ( ~ )  of the three-state model; these re- 
lationships can be represented as follows: 

Two-state model Three  - s ta t  e mod el 

?A,(*) 
o r  

1 
where we have used the superscripts (2) ,  (3), and * to desig- 
nate the two-state model, the three-state model, and the 
relative statistical weight, respectively. 

Then, we have the following relationships between the 
statistical weights of the two-state and three-state models: 

(28) 

(29) 

~ ~ ( 2 ) '  = wh(3)*/(1 + u , ( 3 ) * )  

"h(2)* = yh(3)*/(1 + ",(3)*) 
and 

V. Nearest-Neighhor Three-State Model with 
Asymmetric Nucleation of Helical Sequences 

We recently5 formulated a model of the helix-coil transi- 
tion in polypeptides, in which account was taken of the dif- 
ferent helix nucleation properties at  each end of a regular 
helical sequence (asymmetric nucleation). Then, in paper 
I,* we evaluated the asymmetric nucleation parameters of 
the amino acids in proteins. Therefore, we now incorporate 
the asymmetric nucleation property5 into the nearest- 
neighbor three-state model. 

For this purpose, it is necessary to construct a matrix of 
statistical weights for the i th residue, in which the states of 
three consecutive residues, i - 1, i, and i + 1, are correlated 
in a manner similar to that of eq 33 of ref 5. However, it  
should be noted that the next-nearest-neighbor interaction 
between residues i -- 1 and i + 1 is not included in the sta- 
tistical weights, but only the nearest-neighbor interactions 
between residues i - 1 and i and between residues i and i 
+ 1 (see section IA of ref 5); thus, the statistical weights 
used here are different from those that appear in section I 
of this paper (e.g., those in eq 1 2  and 13). 

For the sake of simplicity, we make the following two as- 
sumptions: ( i )  the inter-residue interactions that involve an 
t state are equivalent to those involving a c state; e.g., the 
interactions between c and t, c and t, and a and t are equiv- 
alent to those between c and c, c and c, and CY and c, respec- 
tively; (ii) the free energy of an t state is different from that 
of a c state becausch of the different intra-residue interac- 
tions. With these assumptions, we may use the statistical 
weights from the earlier theory of asymmetric nucleation of 
the helix-coil transition (see the eight statistical weights in 
the third column of Table I of ref 5), and augment them by 
an additional one, u t ,  which pertains to the t state. Since 
the t state is treated as equivalent to the c state, as far as 
the inter-residue interactions are concerned, nucleation pa- 
rameters will appear for the boundaries between a and c 
states (and vice versa) and between a and t states (and vice 
versa), but not between c and t states (and vice versa). Fur- 
thermore, this same assumption allows us to use the same 
nucleation parameters for the boundaries between a and c 
states as between a and t states; otherwise, we would have 
to introduce additional parameters for the boundaries be- 
tween a and t states. 

The additional parameter, u t ,  introduced here for the 
three-state model with asymmetric nucleation of helical se- 

quences, may be expressed as the relative statistical weight 
u J u C  in the notation of the present paper. This relative sta- 
tistical weight is used, together with those in columns 4 and 
5 of Table I of ref 5, for homopolymers and specific-se- 
quence copolymers, respectively, or in Table I1 of paper I,4 
and may be designated by the dummy statistical weight 49, 
as for 41 to q s  of the last column of Table I of ref 5. Using 
these nine dummy statistical weights, we can construct the 
statistical weight matrix for the i th residue (including 
asymmetric nucleation) by correlating the states of three 
consecutive residues, i - 1, i, and i + 1, but not including 
the next-nearest-neighbor interaction, as mentioned above. 
The result is eq 30 may be contracted to eq 31. From the 

i 

z = tl [ 5l W i ]  tN* 
i= 2 

or 

(33) 

(34) 

where 
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and 

together with 

(35b) 

(36) 

and 

t N  = WNe,V* (37) 

Finally, it should be noted that the numerical values of 
the set of nucleation parameters in the two-state model ( a  
and c) are different from those in the three-state model (a ,  
t, and c), as described in sections IIB and IIC of paper I,4 
and as seen in Tables V-IX of paper I.4 Thus, in eq 31-34, 
one has to use the statistical weights q1  to q 8  for the three- 
state model, given in Table IX of paper I,4 and the statisti- 
cal weight u,* (i.e., q g ) ,  given in Table IV of paper I.4 

VI. Molecular Averages and Conformational- 
Sequence Probability 

It  is now possible to compute molecular averages by 
using the partition function given in eq 16, 17, or 21. For 
example, the average fractions of helical residues, 8h, and of 
extended conformation residues, 8,, can be computed by 
using the partition function of the chain. I t  is of particular 
interest to calculate the conformational-sequence probabil- 
ity in conjunction with our later studies6 in which we will 
apply the present model to predict the conformations of 
proteins. 

A. Conformational-Sequence Probability. Let us de- 
fine the conformational-sequence probability as P(il nI ( p ) )  
where ( p J  is a general expression for a conformational se- 
quence consisting of n residues; for the three-state model, 
( p J  is a set of combinations of a ,  t, and c states, n is the 
number of residues in a sequence, i is the location of the 
first residue of a sequence in the conformational state {p ) .  
For example, consider a protein molecule for which we 
want to compute the probability of finding, say, a sequence 
of six residues in the a-helical conformation, beginning at  
the ith residue in the chain; Le., n = 6 and ( p )  = aaaaaa, 
starting at  the i th residue, and the probability is 
P(i16( aaaaaa). In this subsection, we will consider the 
method for computing P(iJnl{p)), and, in subsection VIB, 
we will consider the computation of 8h and Be. 

We may express ( p )  as 

( P I  = v i t ) i + l .  . . v i fn -1  (38) 

where vi (for 1 I i 5 N )  is h or c in the two-state model of 
the helix-coil transition, and is a,  t, or c in the three-state 
model. The probability P(ilnl(p)) of finding residues i to i + 
n - 1 in a specific conformational state ( p ) ,  given by expres- 
sion 38, can be computed as the quotient of the sum of the 
products of the statistical weights for residues i to i + n - 
1 in the conformational state { p )  (and for all other residues 
in all possible states) divided by the partition function 2. It  
is important to note here that the value of P(i(nl(p)),  for n 
residues, depends on 2, Le., on the possible states of all 
residues in the chain. 

We use the nearest-neighbor interaction model of eq 
20-26, and rewrite eq 11 as 

where 7, = (h or c) or ( a ,  t,  or c) for the two-state or three- 
state models, respectively. The probability can then be 
computed as 

where the index h denotes j and 1, but not k ,  and Z,, . . . 
Zl lh(h+,  tor+n- l )  . . . E,,% denotes the sum of the statistical 
weights of the possible conformational states of the chain 
in which the sequence of n residues (starting a t  the ith) is 
fixed in the specific conformation ( p ) ,  given in expression 
38, and the remaining residues of the chain are allowed to 
be in all possible states. The subscript ( p )  in the middle 
product of matrices on the right-hand side of eq 40 indi- 
cates that the product within the brackets (from k = i to i 
+ n - 1) is computed for the specific conformational se- 
quence (p ) .  

I t  should be kept in mind that, in performing the sum- 
mation in eq 40, one must include all possible conforma- 
tional states v h  for h = l to i - l [which includes vr-l  in 
the first term m,,,,-,,, of {n &v' mk,?k-lqk)(pl]  and for h = 
i + n to N [which includes v17r+n-1 in the first term 
mr+n,,,;+n-l,,r+n of { n i!>i while the summation 
over the states vh (for h = i to i + n - 1) is not carried out 
since this term is specified by the subscript ( p )  on the prod- 
uct over k .  The sum of the products of the statistical 
weights appearing in eq 40 may then be replaced by the 
products of the statistical weight matrices, such as eq 20, 
26, or 30 (or more generally, by eq 55 below), as follows: 

where the subscript { p )  has the same meaning as in eq 40, 
and m,,,, is the v,th column vector of the statistical weight 
matrix (eq 20, 26, 30, or 55); hence, aW,/a In (rn,,?&) indi- 
cates that all possible conformational states, v , - ~ ,  of the (i 
- 1)th residue are taken into account, i.e., are summed, as 
pointed out in the explanation of eq 40. Similarly, mk,,,k-l,,k 
is the ( v k - l ? j k )  element of the statistical weight matrix (eq 
20, 26, 30, or 55) corresponding to the conformational 
states v k - 1  and vk  of the (k - 1)th and kth residues; hence, 
IIaWk/a 1n (mk,qk-lqk) indicates a product of statistical 
weights for the specific conformational states { p )  of residue 
i + 1 to i + n - 1. A simpler form of eq 41 will be given 
later (in eq 48). Thus, with eq 41, it is possible to calculate 
the conformational-sequence probability P(il nl ( p ) )  for any 
specific conformational sequence { p )  of any length n, start- 
ing a t  any position i of the chain, for any model for the con- 
formational states (Le., a,  t, c, etc.). 

The probability P(ilnl(p)) may be regarded as an nth- 
order a priori probability, i.e., the probability of finding a 
sequence of n residues in a certain conformational state ( p ) .  
We may also consider first- and second-order a priori 
probabilities, F,,,, and F,,,,-,,,, defined as follows: 

and 
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In computing F,,,, using eq 41, it should be noted that, in- 
asmuch as n = 1, only the term aW,/a In (m,,,,) remains in 
eq 41, and the product G::!' vanishes. On the other hand, 
for probabilities of second and higher order, i.e., n 1 2 ,  in- 
cluding F,,,,-lnL, the term aW,/a In (m,,,,) is not always 
needed in order to compute numerical values (see eq 47 
and 48 below). Nevertheless, eq 41 is of sufficiently general 
form to compute values of P(iJ nl ( p ) )  for any order of a prio- 
ri probability. 

Letting n = 1 in eq 41, eq 42 may be written as 

where the definition and meaning of m, is the same as in eq 
41. Equation 44 is equivalent to eq 41, if we let n = 1. 

In a similar fashion, letting n = 2 in eq 41, eq 43 can be 
written as 

[ A Wl] eN* (45) 1=i+2 
where m,-1 and m,+l,,, represent the vector of the 
vL-lth column of the statistical weight matrix and the vec- 
tor of the 7,th row of the statistical weight matrix, respec- 
tively (as defined in eq 20, 26, or 30 or, more generally, eq 
5 5 ) .  However, in eq 45, aW,/a In (m, q t - l n J  gives a matrix in 
which all the elements except the (v , - I ,  7,)th are zero. 

The relation 

aW,+1 - - awl - 1 dW, 
3 In (mL-1,,,3-l) a In (mi,,,,-l,,2) a In (m,+~,, , , )  

makes it possible to rewrite eq 45 as 

From a similar treatment as that used for eq 44 to 47, the 
equality of eq 46 converts eq 40 to the following: 

Thus, for the computation of a priori probabilities of sec- 
ond order or higher (i.e., n 2 2), either aW,/a In (ml,,l) of eq 
41 or W, of eq 47 or 48 may be used. However, the term 
aW,/a In (mi,,,), which cannot be replaced by W,, is neces- 
sary for the computation of Fl,rlc or P(il1I v,), as seen in eq 
44. 

B. Average Fractions of Helical and Extended Con- 
formations. If we substitute a for 7, e.g., in eq 42, we have 
the probability of finding the a-helical state a t  the i th  resi- 
due, viz., F,,h. For the two-state model of the helix-coil 
transition, the value of o h  is then given by 

In a similar manner, we obtain, for the three-state model 

and 

In general, the average fraction O,, of the state 7 is given by 
* h, 

(52) 

C. A priori and Conditional Probabilities. We now in- 
troduce the conditional probability Pi;,+l,,,, Le., the proba- 
bility that, given that residue i - 1 is in the conformational 
state 7i-1, then residue i will be in conformational state vi. 
We may then express the second-order probability as 

Using a first-order a priori probability F,,,,, and the condi- 
tional probability P,,,,,,,, the nth-order probability 
P(il nl { p ) )  may be expressed as 

Equation 54 illustrates the advantageous point that ,  if one 
once obtains the first-order a priori probability F,,,, and 
the conditional probability P,,,,,,, then the probability 
P(il nl ( p ) )  for any specific conformational sequence of n 
residues, starting a t  the i th  position of the chain, can be 
calculated easily, without requiring the time-consuming re- 
petitive matrix multiplication of eq 48. This will be espe- 
cially advantageous when one wants to compare the proba- 
bilities of occurrence of various specific conformational se- 
quences of various lengths, starting at  various positions i in 
the chain; this problem will be encountered in the next 
paper6 on the prediction of protein conformations. Thus, 
the problem of computing P(i lnJ{p])  has been reduced to 
the computation of a first-order a priori probability and a 
conditional probability, as seen in eq 54. 

A method for calculating first-order and second-order a 
priori probabilities and conditional probabilities for the 
helix-coil transition has been described by Tanaka and Na- 
kajima for both infinite and finite chain lengths.2' In the 
present anticipated application, we are interested mainly in 
the treatment of finite chain length becduse most protein 
molecules have low enough molecular weights that fall 
within the range of finite chain lengths. However, we will 
not repeat the Tanaka-Nakajima derivation here but, in- 
stead, will describe their procedure in general terms and 
apply it to the three-state model. For this purpose, we first 
rewrite the statistical weight matrix (eq 20 and 26 for the 
three-state model, or eq 3 and 4 of ref 27 for the two-state 
helix-coil transition model) in the general form 

Then the conditional probability matrix Pi and the second- 
order a priori probability matrix Fi for the i th residue are 
given be eq 56 and 57, respectively; the elements in the ma- 
trices in eq 56 and 57 are those of the corresponding con- 
formational states in Wi of eq 55. 

and 

FI = [F i .q , - iml  (57) 

The elements of eq 56, P,,,,-,,, are the conditional probabil- 
ities that  the ( i  - 1)th and i th  residues will be found in the 
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vi-1 and vi conformational states. The elements of eq 57 
are the second-order a priori probabilities for finding resi- 
dues i - 1 and i in the vi-1 and vi conformational states. 
For example, explicit expressions for eq 56 and 57 for the 
helix-coil transition are given in eq 6 and 7 of ref 27, and 
those for the three-state model can be written as 

P i ; c c  P i ; c e  Pi;cor 
Pi;Ec P i ; € €  P i ;ea  
Pi;orc Pi;ore P i ; a o  

and 

The elements of the matrix of eq 58 are computed by the 
procedure described below. The elements of the matrix of 
eq 59 are computed from eq 47. The stochastic character of 
the probabilities leads to  the following relations. 

(i) The sum of the first-order a priori probabilities is 
unity, i.e., 

C Fi-l;VL-l = 1 (60) 

(ii) The sum of the second-order a priori probabilities is 

C E Fi;m-iq, = 1 (61) 

(iii) Each of the sums of conditional probabilities that a 

C Pi;m-in = 1 (62) 

which yields 7i-l linear equations related to the condition- 
al probabilities. Equation 62 indicates that  the sums of the 
elements of each row vector of the matrix of eq 56 (as a 
general expression), or of eq 58 for the three-state model, 
are unity; hence, one obtains as many linear equations of 
the form of eq 62 as the number of row vectors in the ma- 
trix of eq 56 or 58. Explicit examples of eq 60 to 62 can be 
seen in eq 9 of ref 27 for the case of the helix-coil transi- 
tion, in which the number of equations of the type of eq 62 
is 2. 

V I - 1  

unity, Le., 

18-1 9i 

state will be followed by all possible states is unity, Le., 

91 

We may rewrite eq 53 as 

(63) 

which implies that the conditional probabilities Pi;qL-i9, can 
be calculated by using the first- and second-order a priori 
probabilities Fi-1;9z-l and Fi;Vi-lVi, respectively. On the 
other hand, the first-order a priori probability Fi-p98-l can 
be calculated easily by using the value of P(i  - I) 1) vi-1) of 
eq 42, which requires eq 41. In a similar fashion, the sec- 
ond-order a priori probability Fi;V,-l,,i can be computed 
using eq 47. However, in order to compute all of the ele- 
ments of the conditional probability matrix of eq 56, it is 
unnecessary to compute all of the values of Fi;,,,-l 
and Fii9i.-1,,i because of the relations of eq 60-62. In order to 
obtain all of the conditional probabilities Pi;Vi-19i (of which 
there are vi-lqi), it is necessary to calculate the values of 
v i - 1 ~ ~  - vi-1 conditional probabilities out of a total of 
qi-1vi values, because of the vi-1 independent linear equa- 
tions of eq 62. To obtain the t)i-l(vi - l) values of Pi;9,-lVi, 
one has to calculate only the v;-l(qi - 1) - 2 values out of 
the vi-1 + v i - lq  values of Fi-l;Vc-l and Fi;Vi-lVl because of 
the two equations, eq 60 and 61, related to Fi-1;9i-1 and Fi; 

respectively. Thus, it is necessary to compute the 
vi-l(qi - 1) - 2 values of F ~ - I ; , , ~ - ~  and Fi;9i...lVi based on eq 
48, 42, and 43. 

Fi;m-in 

Fi-1;Vi-i 
Pi;qL-iVL = - 

In a similar manner to that used to obtain eq 49-51, the 
average fraction, 81pl(n), of the specific conformation [ p )  for 
a sequence of n residues can be calculated by 

where the values of P(il nl [ p ) )  are given by eq 54, and N - n 
+ 1 is the maximum number of sequences of n residues in a 
chain of N residues. 

Finally, it is of particular importance to point out that 
the conformational-sequence probability P(i( n) ( p ) )  of a se- 
quence of n residues, or the nth order a priori probability 
[in other words, the probability of finding a sequence of n 
residues from the i th  to the (i + n - 1)th residues in a cer- 
tain conformational state { p }  (=vLq,+l . . . ~ ~ + ~ - 1 ) ] ,  is never 
equal to the product of the first-order a priori probabilities 
F,;qi for i to (i + n - l), each of which is the probability of 
finding the i th residue in a certain conformational state v L .  
The above statement is expressed as 

or 

This inequality arises because of the cooperativity of helix 
formation in the chain molecule; if, instead, there were no 
cooperativity (model of independent units), then the in- 
equality would become an equality. The inequality of eq 65 
can be understood easily because the left-hand side of eq 
65 should be computed by eq 40 or 54, whereas the right- 
hand side of eq 65 is given, by using eq 40 and 42, 
i+n-1 i+n-1 
II Fi;m = II X 

k=i k=i 

Furthermore, it also should be pointed out that, although 
the values of P(il n) { p i )  are calculated by using such quan- 
tities as Pi;,,, and P k + l ; V h V h + l  which are assigned to the indi- 
vidual amino acid residues when the present formulation is 
applied to proteins, the quantity P(i(nl{p}) is not to be 
thought of as reflecting the properties of only those amino 
acids located between the i th  and (i + n - 1)th residues; 
instead, it has to be thought of as reflecting the conforma- 
tional properties of the overall protein molecule, because 
the values of Fi;,, and P k + l ; V h , , h + l  are obtained as molecular 
averages (from Z) ,  and are not obtained as a product of the 
probabilities of independent conformational occurrences 
assigned to the i to (i + n - 1)th amino acid residues of the 
protein. 

It is expected that the present three-state model will give 
us useful information about the a-helical (a ) ,  extended ( e )  
and other (c) conformational states when it is applied to 
the prediction of protein conformations, which will be dis- 
cussed in our next paper.6 In other words, within the 
framework of the nearest-neighbor Ising model, the parti- 
tion function can be used to describe the equilibrium state 
of the protein, as an approximation. The treatment pre- 
sented here can be extended to include more states (e.g., 
chain-reversal, bridge-region, left-handed helical, etc., con- 
formations). The description can then be improvedz4 and 
the conformation of the protein altered (computationally) 
by introducing the long-range interactions that are not in- 
cluded in the nearest-neighbor Ising model. 
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VII. Concluding Discussion 
In this paper, we have presented a three-state model for 

conformational transitions in homopolymers and specific- 
sequence copolymers of amino acids in order to compute 
the conformational states of proteins. The three-state 
model was discussed in comparison with the two-state 
model of the helix-coil transition of polyamino acids. In 
the Tanaka-Scheraga model5 of the conformational transi- 
tion in a polymer chain, the asymmetric nucleation proper- 
ties of a certain conformational state were taken into ac- 
count; indeed the asymmetric properties of the helical con- 
formation of the amino acids in proteins have been demon- 
strated in paper L4 The present three-state model of helical 
( a ) ,  extended ( e ) ,  and other (c) states has been incorporat- 
ed into the Tanaka-Scheraga model5 for asymmetric nu- 
cleation of the helical state from the and c states. 

The present three-state model and the computational 
method for obtaining molecular averages, i.e., conforma- 
tional-sequence probabilities, will be applied (without the 
feature of asymmetric nucleation) to the empirical predic- 
tion of protein conformations in the accompanying paper.6 
However, it is also true that the present three-state model 
is too simple to describe protein conformations completely. 
Therefore, we are now developing multi-state models (with 
more than three states) to provide a more detailed treat- 
ment of protein molecules, and will apply them to the pre- 
diction of the conformation of proteins whose primary 
structures are known. 

References and Notes 
(1) This work was supported by research grants from the National Insti- 

tute of General Medical Sciences of the National Institutes of Health, 
U S .  Public Health Service (GM-14312), and from the National Science 
Foundation (BMS71-00872 A04). 

(2) From Kyoto University, 1972-1975. 
( 3 )  For recent reviews, see (a) H. A. Scheraga, Chem. Reu., 71, 195 (1971), 

and (b) "Peptides, Polypeptides, and Proteins", E. R. Blout, F. A. 
Bovey, M. Goodman, and N. Lotan, Ed., Wiley, New York, N.Y., 1974, 
p 49. 

(4) S. Tanaka and H. A. Scheraga, Macromolecules, preceding paper in 
this issue. 

( 5 )  S. Tanaka and H. A. Scheraga, Macromolecules, 8,494 (1975). 
(6) S. Tanaka and H. A. Scheraga, Macromolecules, following paper in this 

(7) H. A. Scheraga, Pure Appl. Chem., 36.1 (1973). 
( 8 )  B. H. Zimm and J. K. Bragg, J. Chem. Phys., 31,526 (1959). 
(9) P. N. Lewis, N. G6, M. Gb, D. Kotelchuck, and H. A. Scheraga, Proc. 

Natl. Acad. Sci. U.S,, 65. 810 (1970). 
(10) N. G6, P. N. Lewis, M. Gb, and H. A. Scheraga, Macromolecules, 4,692 

(1971). 
( 1  1) As described in section IIIE of paper I,4 the extended conformation ( e )  

is stabilized primarily by short-range interactions, and the hydrogen- 
bonding interactions between parallel or antiparallel extended chains 

issue. 

provide only additional stabilization of the e conformation. 

extends from the NH to the CO group (see Figure 1). 

try, 9,3471 (1970). 

(12) The IUPAC-IUB definition of a residuei3 is used here, Le., a residue 

(13) IUPAC-IUB Commission on Biochemical Nomenclature, Biochemis- 

(14) S. Lifson and A. Roig, J .  Chem. Phys., 34,1963 (1961). 
(15) See D. Poland and H. A. Scheraga, "Theory of Helix-Coil Transitions 

in Biopolymers", Academic Press, New York, N.Y., 1970, for a summa- 
ry of theories of the helix-coil transition. 

(16) One may consider three levels of approximation for calculating the 
inter-residue interaction energy: ( i )  $ z - ~ ,  @c, $,, @;+I ,  $,+I), 
which is described in the text; (ii) E , ( 3 ) [ @ z - ~ ,  $,-I, I X ~ - I ' ~ - ' \ ,  @,, $,, 
Ix,"/, @'+ i, $ i + i ,  Ix,+iJ'+'l] includes possible side chain-side chain and 
side chain-backbone interactions, in addition to those included in case 
(i); (iii) E ~ @ ) [ & J ~ - ~ ,  $<-I ,  @;, $,, ,{xi';/, @i+i ,  $,+I] includes all interac- 
tions of case (ii) except side chain-side chain interactions. The general 
treatment of section I is valid for all three cases (i)-(iii). However, for 
case (ii), the statistical weight, Wh.,, for the i th amino acid residue 
would depend on the species of amino acids of its neighbors. 
H. A. Scheraga, Adu. Phys. Org. Chem., 6,103 (1968). 
G. N. Ramachandran and V. Sasisekharan, Adu. Protern Chem., 23, 
283 (1968). 
D. A. Brant and P. J. Flory, J. Am. Chem. SOC., 87,2791 (1965). 
D. A. Brant, W. G. Miller, and P .  J. Flory, J. Mol. B i d ,  23,47 (1967). 
From a mathematical point of view, eq 3 (and the corresponding equa- 
tions defining w and u in the Lifson-Roig theoryi4) has no meaning be- 
cause the integration is carried out only over @,, $i, and x"', while the 
term Ei(3) involves & - I ,  $,-I, @;+I,  and &+I. Since the entropy of a he- 
lical sequence cannot be separated into contributions from each resi- 
due, the statistical weight of a helical sequence (in principle) cannot be 
expressed as a product of the statistical weights w h  and Uh. Neverthe- 
less, as in the Lifson-Roig theory,14 we assume that  the entropy of a 
helical sequence can be separated into contributions from each residue, 
in essence by neglecting the entropy of hydrogen-bond formation. In 
such a case, eq 3 should be written as 

Wh,i = J . . . 1 expl-~E;(1)(@;, $i, I ~ P I )  + 

Eic3)(@i-lo, $i-i", @i, $t, @ z + ~ " ,  $i+i")l/RTI d6i d$; IdxL") (3') 

where $;-io, $;-lo, @;+I", and $ i + ~ "  indicate that  these values are fixed 
at those of the helical state. The entropy terms that  are responsible for 
the variation of ( 6 - 1 ,  ijlz-i) or ( @ , + I ,  $,+I) ,  when we separate the en- 
tropy into contributions from each residue, are included in Wh,,- l  or 
w h . l + i  (01. u h , z - i  or uh . ,+ l  when residues i - 1 or i + 1 are a t  the end of a 
helical sequence). These points are discussed in more detail in ref 40 of 
paper I. 
Alternatively, one might have treated the helix by minimizing its ener- 
gy with respect to all dihedral angles, without imposing the restriction 
of regularity. However, this alternative procedure is not used because 
(1) we do not have precise enough information to judge how irregular 
the helices in proteins are, and (2) once such "regular" helices are lo- 
cated in a protein by an empirical predictive algorithm, the restriction 
of regularity is subsequently removed anyway when the energy of the 
whole protein is minimized.22 
A. W. Burgess and H. A. Scheraga, Proc. Natl. Acad. Sci. lJ.S,, 72,1221 
(1975). 
S. Tanaka and H. A. Scheraga, Proc. Natl. Acad. Sci. U.S., 72, 3802 
(1975). 
D. Poland and H. A. Scheraga, J. Chem. Phys., 43,2071 (1965). 
The (1,3) and (2,3) elements of eq 26 can be obtained as follows: these 
elements should be Uh,i2/Wh,lUc, ,  which is (Uh.i/Ue.; ) 2 / ( W t , , , / U , , ,  ),or (oh,,* ) 2 /  

Wh.i*, 
S. Tanaka and A. Nakajima, Macromolecules, 5 ,  714 (1972). 


